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Abstract. We discuss the invariant classification of vacuum Kundt waves 
using the Cartan-Karlhede algorithm, and the upper bound on the number 
of iterations of the Karlhede algorithm to classify the vacuum Kundt waves 
1 1 II 1151 . By choosing a particular coordinate system we partially construct 
the canonical coframe used in the classification to study the functional depen- 
dence of the invariants arising at each iteration of the algorithm. We provide 
a new upper bound q < 4 and show this bound is sharp by analyzing the 
subclass of Kundt waves with invariant count beginning with (0,1,...) to show 
that the class with invariant count (0,1,3,4,4) exists. This class of vacuum 
Kundt waves is shown to be unique as the only set of metrics requiring the 
fourth covariant derivatives of the curvature. We conclude with an invariant 
classification of the vacuum Kundt waves using a suite of invariants. 

1. Introduction 

The rotating plane-fronted waves, or Kundt waves, were originally denned by 
Kundt in 1961 [T], as a special subcase of the class of pure radiation solutions of 
Petrov type III or higher and Plebanski-Petrov (PP) type O or vacuum, admitting 
a non-divergent, non-expanding null congruence, £, that is 

ti a = o, t. a = o, £ (a , h) t* = o, i [a . M r- h = o. 

These conditions restrict the Petrov type for the the plane-fronted waves to Petrov 
type N or O. The pp-waves are defined as the non-twisting plane-fronted waves, so 
that £ is a covariantly constant null vector £ a ± = 0; the rotating plane fronted waves 
are then the class of twisting plane-fronted waves. Choosing Kundt coordinates, 
the metric for the rotating plane-fronted gravitational waves is 

(1) ds 2 = d(d( - du (do - ^d( - ^d( + (4H(C, C, «)(C + C) - du) , 

where u, v are null coordinates, £, £ are complex coordinates for the transverse 
space [2] ■ 

All polynomial curvature invariants, built from contracting the Riemann ten- 
sor and covariant derivatives with each other, vanish for these spacetimes. Thus, 
the plane-fronted belong to the collection of VSI spacetimes where all polynomial 
curvature invariants vanish [3j; this is in turn a subclass of the CSI spacetimes 
in which all polynomial curvature invariants are constant [4]. These spaces have 
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been explored in four dimensions and shown to belong to the class of degenerate 
Kundt metrics [7J. These are the Kundt metrics where the frame used to classify 
the Riemann tensor (i.e., Petrov or Riemann type and the kinematic frame 
are aligned, i.e., they are the same; it is expected that this is the case in higher 
dimensions as well [Jj . 

For a given spacetime in four dimensions, either a spacetime is uniquely deter- 
mined by its polynomial scalar curvature invariants, a (locally) homogeneous space, 
or a degenerate Kundt spacetime [7J. For the degenerate Kundt spacetimes, the 
equivalence problem is particularly relevant, given that one cannot determine the 
inequivalence of two metrics of this class by comparing polynomial scalar curvature 
invariants [HI El [5]. To invariantly classify these spacetimes, one must use an alter- 
native tool, the Karlhede algorithm, which utilizes the Cartan equivalence method 
[H| adapted to the case of Lorentzian manifolds [TU] . 

An analysis of the first and second stages of the Karlhede algorithm for all 
type N vacuum spacetimes with A = was done by Collins who produced a 
theoretical upper bound on the highest order, q, of the covariant derivatives of the 
curvature tensor required for each of the various subclasses of the type N spacetimes. 
Interestingly, this gives a hard upper bound for the VSI spacetimes [31 E] , as the 
pp- waves and vacuum Kundt waves make up the entirety of type N VSI spacetimes 
[T2l [21 [H] . Collins has shown that the pp- waves require q < 4 while the vacuum 
Kundt waves need at most q < 6. Recently it has been shown that the pp-wave 
upper bound is sharp |13j . and that the Kundt-wave's actual upper bound is five 
[15] . However, in 2000, Skea produced a non-vacuum vacuum Kundt wave in which 
q = 5, suggesting that there are vacuum solutions for which q = 5 |16| . 

In this paper, we discuss the upper bound for the vacuum Kundt waves in the 
Karlhede algorithm or, equivalently, the highest order, q, covariant derivative of 
the curvature required to invariantly classify these spaces. We show that the upper 
bound may be lowered to be less than or equal to four by exploring all possible 
outcomes of the Karlhede algorithm (see figures Q, (|2j), Out of all possible 

invariant counts only one actual vacuum Kundt wave may be integrated; namely, 
the class with invariant count (0, 1,3,4,4). Due to the exhaustive nature of this 
analysis we examine the remaining branches of possibilities in the algorithm to 
produce an invariant classification of all vacuum Kundt waves 

2. Geometric structure of the vacuum Kundt waves 

If we wish to preserve the form of the metric, the permitted coordinate transfor- 
mations will be [3]: 

(2) C = C + iC, u' = h(u),v' = f- u - (C + C) 2 ^f, 

u' - H | (C+C) ( ou2 >2h h ) 

where C is a real constant and h(u) is an arbitrary real function. Taking the 
metric ([I]), we work with the Newman-Penrose formalism |18j to calculate the non- 
vanishing curvature components of the Ricci ($) and Weyl ("f) spinors, respectively: 

$22 = xH,co * 4 = 2H ,a- 

To impose vacuum conditions, H must be harmonic and real-valued; as in the pp- 
waves, this will be the real part of an analytic function, 2H = f((, u) + f((, u). To 
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examine the geometric structure of these spaces, we work with the class of coframes 
in which ^4 = 1. These are found by applying an appropriate spin and boost to 
the natural metric coframe. 

Without imposing the vacuum condition, the non-vanishing Bianchi identities 
imply the relationship between the spin-coefficients and the components of the 
Ricci and Weyl spinors [18] and their frame derivatives D, A, <5, 6: 

K = a = p = 4e = 0, L>$22 = 0, 
5<t> 22 = (4/3 - r)* 4 + (f - 20 - 2a)$ 22 . 

Imposing the vacuum conditions, we see that /3 = J. The non- vanishing Newman- 
Penrose field equations for the vacuum Kundt waves are 



(3) Dt = 0, Da = 

(4) D7 = |t7t + ra + Tta + \tt, 

(5) DX — 5n = 7r 2 + a-K — |f7r, 

(6) DfJL — Sn = TT7T — 7Ta + jTTT, 

(7) Dv — Att = nfi + f/j, + ftX + tA + 77r — 771", 

(8) AA - <5V = -/iA - fiX - 37A + 7A + 3au + txv - \fv - * 4 , 

(9) Sa — \5t = aa + j^tt — \ar, 

(10) <5A — Sfi = [m — fiTT + /j,a + + Aa — |At, 

(11) 8v — A/i = /i 2 + AA + 7/i + 7/i — vtx + \tv — au, 

(12) <57 - \At = 5T7 - 57 + |/xt + |t7 + aA, 

(13) (5t = |r 2 - ra, 

(14) — <5t = — |fr — ar, 

(15) Aa — (57 = — |tA + 7a — /2a — | T7, 



while the commutator relations are 

(AD — DA)f = [( 7 + 7)D- (t + 7c)5- (f + n)S\f, 
(SD-D5)f = [(«+!_*)/>]/, 

SA-AS)f = [-pD + (^-a)A + A5+0i-7 + W. 
((5(5 - (5(5)/ = [( A + M )D-(a-^-(j-a)«5]/. 

The benefit of working in the class of coframes for which ^4 — 1 becomes ap- 
parent once one takes frame derivatives of the Weyl tensor, as only spin-coefficients 
and their derivatives appear as components of the Weyl tensor and its covariant 
derivatives. To illustrate, the first order derivatives of the Weyl tensor are 

(DV) 50 , = 4a, (DV) 5V = 4 7 , (DV) i0 , = 0, 

(£>* ) 4 r = r, (D*) 30 , = 0, (DV) 3V = 0. 

At first order, one still has 2 degrees of frame freedom, using null rotations with 
complex parameter B, which affects the first order invariant 7 and leaves a and r 
unchanged: 

5 

(16) 7' = 7 + Ba+ -Br. 
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If |a| 7^ §|t| it is always possible to set 7' = 0. However, if equality holds, only one 
degree of freedom can be fixed, and there are three subcases for the form of 7' [TT] : 

• a = -§t: Jm(7 / ) = 0; 

• a = f t: ife(V) = 0; 

• a / ±|t: fle(Y) or Im(y) = 0, but not both. 

Without fixing the frame freedom, the second order derivatives of the Weyl tensor 
are, 



P 2 *)50';00< 


= 4£>a, 






OD 2 *)50';01< 


= 4(<5a + 5/3a - 


- aa), 




(£ 2 *)50';10< 


= 4(c5a4 5a 2 ), 






(L> W^o'jii' 


— 4^/Aa 07a ■ 


- 7a 4 


■ r 7), 


(D 2 *) 6Vi0 o> 


= 4(£> 7 - 5tt/3 - 


- ta), 




(X> 2 *)61'i01' 


= 4(67 - 5/^/3 4 




- Aa 4 0:7), 




= 4((5 7 - 5A/3 4 


- 5a7 - 




(X> 2 *) B 1';11' 


= 4(A 7 - - 


f 5 7 2 - 


- va. 4- 77), 


( J D 2 *) 4 0';00' 


= 0, 






P 2 *) 40 ';01' 


= 0, 






P 2 *) 40 ';10' 


= 0, 






P 2 *) 40 ';ll' 








P 2 *)41';00' 


= 






OD 2 *)41',01' 


= 4((5/3 4 3^ 2 4 


a/3), 




P 2 *)41';10' 


= 4(c5/3 4 3a/3 4 


-£/?), 




(D 2 *)41';ll' 


= 4(A/3 + 3 7 ^- 


f T7 + 


7/3), 


P 2 *) 3 0';10' 


= 0, 






(f 2 *)30';ll' 


= 0, 








= 0, 






(D 2 *)3Vill' 


= 8r/3. 







If |a| = ||r|, it is always possible to fix the last parameter of the frame freedom to 
fix At so that Re(Ar) = 0. Manipulating the spin-coefficients and the remaining 
degrees of freedom, Collins produced a theoretical upper bound for these spaces 
[llj . requiring at most six covariant derivatives. This bound was lowered to five 
covariant derivatives by Machados Ramos and Vickers [TS] using the generalized 
GHP formalism. In both papers a particular choice of coordinates was avoided so 
that these bounds were not shown to be sharp. 

3. An alternative proof that the upper bound for the Karlhede 
algorithm is less than six 

As the Karlhede algorithm terminates if and only if the dimension of the isotropy 
group and number of functionally independent invariants do not change between 
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two consecutive iterations using the invariant count notation, it is possible to map 
out all possibilities for the Karlhcde algorithm. It is easily shown that there is only 
one scenario where q = 6 at most, (0,1,1,2,3,4,4^] The case where the invariant 
count begins with (0,0, ...) is not permitted as there is always one invariant that is 



non-constant at first order, r. If we assume r is a constant we find from ( 13 1 and 



(14 1 that t = 0, which cannot be true since we are studying the vacuum Kundt 
waves. 

This invariant count would occur for the class of vacuum Kundt waves in which 
at first order only one functionally independent invariant appears and further that 
|a| = ^jj-L. By choosing a particular coordinate system we may produce differential 
constraints on the metric function H(£,£,u) — Re(f(£,u)) by imposing the van- 
ishing of the wedge products of the differentials of the spin-coefficients of a, r and 
their conjugates. As the spins and boosts have been fixed to set ^4 = 1, and since 
these two invariants a and r are unchanged under the remainder of the isotropy 
group (null rotations about £), these are already Cartan invariants. With a little 
effort and a change of coordinates we intend to prove the following lemma: 

Lemma 3.1. The vacuum Kundt waves require at most q — 5 iterations of the 
Karlhede algorithm to completely classify the spacetimes. 

To this end we introduce a new coordinate, where 

(17) « =>(/,«)• 

Relative to this new coordinate system, £ = Q(a, u) and we find a differential 
constraint for /, 

(18) \&J =e 4a C,a- 

The metric coframe becomes: 

m = C ia da + (, u du, 

(19) e = du, 

n = dv - ^-^(C, a da + ( tU du) - -^-^C A da + C,«d«) 

+ (W(/M)(c + C) - t^W) du - 

In these coordinates the non-zero component of the Weyl tensor is now 

* 4 = 2(C + C)e 4fc . 

Applying a spin and boost with p = |/n(|^ , 4|) = a + |/n(2(£ + ()), we produce a 
new coframe: 

to' = e p - p m, £' = e p+p e, n' = e' p ~ p n. 

Relative to this coframe, the non-vanishing Weyl tensor component has been nor- 
malized $4 = 1 and further the spin-coefficients a and r are already Cartan invari- 
ants. 



^This notation is adopted in Appendix D to summarize possible states of the Karlhede algo- 
rithm compactly. 
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Without knowing the explicit form of the canonical coframe, we may compute 
the wedge products of the differentials of a, r and their conjugates. 

Proposition 3.2. The spin- coefficients relative to the class of coframes in which 
$4 = 1, may be expressed as 

ju = A = 0, 

(20) a = | + ^(Ca)- 1 , 

_ e-- 5 |r|i / C.u(C..)- 
7 ~ V2 r + M 2 



e 



-a— 3a 



(Kae 4s da + A -(/ + />|) 



Now, without fixing any more frame freedom to set all or a part of 7 to zero, we 
may determine the explicit form of the metric for the class of vacuum Kundt waves 
where only one functionally independent invariant appears at first order. 

Lemma 3.3. Those spacetimes in which t is the only functionally independent 
invariant at first order will have the following form in Kundt coordinates: 



(21) /(C,«) = %e ^ + /iW( + / 2 (4 

Relative to the a, a coordinates, a — jln(f^^), the Cartan invariants a and t are 
now 

(22) T = iC {a-a)+2C 1 ' 01 = I + TTq 



-4i(C-iG(n)+Ci) 



Proof. Taking t in (20), we calculate the double wedge product of dr and dr to 

get, 

dr A df — t^qs [(C,o + Ca)rfa A da + (C,„ + C,«)^ a A du + + C,«)rfa A du] . 
Requiring that this must vanish gives a set of equations: 

Thus we must have that C,aa = Caw = implying that C(aj u ) must be linear with 
a constant coefficient ^ = coa + <?(u). To satisfy the last condition, £ jU = —Cm the 
coefficients of a and 1 are of the form: Co = iCo and g = Ci + iG(u). Thus £(a, it) 
is of the form 

(23) ((a,u)=i(C a + G{u)) + C 1 . 



Plugging this into the expressions for r and a in (20 1 we recover (22), then solving 
for a and noting that e 4a = f ^ we may integrate twice to recover the metric form 
in the usual coordinate system. □ 

Corollary 3.4. The invariant count (0,1,1,2,3,4,4) cannot occur in the Karl- 
hede classification of the vacuum Kundt waves. Thus the Karlhede bound for these 
spacetimes will be at most five. 

Proof. To show that this is the case case, we work with the class of spacetimes 
where only one invariant appears at first order. From Lemma (3.3) we calculate 
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the equality \a\ = ||r| using equation (22). To start, we assume the equality holds 



and multiply both sides by \a\, then \a\ = tS|t| . Expanding this we have: 



16 I 



Using the a, a coordinates, this implies, 
24 



-2 



simplifying we find 



w (iCo(a-a)+2C 1 y f: . 



*-Cl = (iC Q (a- o) + 2d) 2 



Differentiating with respect to o or a implies that Co = which cannot happen as 
C.a = Co must be non-zero. This is a contradiction and so \a\ ^ |r| except on the 
three-dimensional submanifold where Irl 2 = □ 

4. Reducing the upper bound to less than five 

The goal of this section is to provide the necessary lemmas to prove the following 
theorem: 

Theorem 4.1. The vacuum Kundt wave spacetimes require, at most, four deriva- 
tives (i.e., q — A) to classify these spaces using the Karlhede algorithm. 

To study the sharpness of the upper bound, we examine the possible iteration 
scheme for the Karlhede algorithm applied to the vacuum Kundt waves in the form 
of tree diagrams. This may be done exhaustively for the cases where there are at 
least one invariant at the first iteration of the algorithm. 

Lemma 4.2. The vacuum Kundt wave spacetimes for which the Karlhede algorithm 
requires five iterations have invariant counts 

(0,1,2,3,4,4), and (0,2,2,3,4,4) . 

Proof. The trees for the various possibilities are included in section [8] □ 

4.1. Vacuum Kundt waves with (0, 1, 2, ..). Applying the results of the previous 
section, we are able to say something about the upper bound in the first case, as 



the invariant coframe will be fixed entirely by making a null rotation ( 16 ) to set 
7' = 0. To continue wc will determine the form of the parameter B; however, we 
will not work directly with the invariant coframe: 

i' = I, n' = n + Bra + Bra + \B\ 2 £, ra! = m + BL 

Instead, we utilize the wedge product and the remaining spin-coefficients relative 
to the invariant coframe: 

7r' = 7T + DB, 

Bf [f2B - - - -- 
A = — + J-^+Bir + BDB + 6B, 
2 V t C s 



Bt 
~2~ 



Bit + BDB + SB, 



u 1 = v + 2Bj+^B 2 T + BB(TT + 2a) + AB + BSB + BSB + BBDB. 
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These remaining invariants are expressed in terms of the coframe (19), the original 
spin coefficients (20), and the frame derivatives of B. To calculate these quantities, 
we produce the dual of the coframe in (19): 

a 



D = 



A = 




d v ' 



2vf 



d_ 
d u 

d 



2(/ + /) 



-v 2 \t\ 2 



V Ca d a C,a da 



d v ' 



To transform this frame into a fully invariant coframe, we equate ( 16 ) to zero and 
solve for B, 



(24) 



B 



V2>|l e — VT(§| 



r\-iC 



r\ 2 



We now examine the second order invariant A'(|r| ) 



"B 



"B 



<-Re{e a - a DB) v 



Co\r\- 



G. 



Removing all expressions involving r leaves the helpful invariant: 

G.u 



(25) 



Noting (20) we subtract — r from 7r', it is clear that DB is an invariant; a quick 

C%\r\-iCa 



calculation confirms it: 
(26) DB 



-2M 



3C 2 |r| 



As \a\ ||t|, the remaining invariants at second order may be simplified to the 
spin-coefficients /i',A' and v' . These spin-coefficients involve B and the remaining 
frame derivatives of this function: 



SB = 



SB = 



AB = 




2+ B 



DB 



1 2 



DBlv 



CoM 2 

v 2 \t\ 3 
2 



DB, 



where B a is the following complex rational function of r, 



B 



ggjrj 



ec 2 a \T\ 2 



iC \r\ 1 C 2 |r|-iCo 3C 2 |r| 2 -2' 

Combining these functions, it is clear that both // and A' are expressed entirely in 
terms of r and £. At this point we are able to prove that at second order, at least 
two functionally independent invariants are produced: 



Lemma 4.3. All vacuum Kundt waves of the form (21) with an invariant count 



starting with (0,1,2,...) in the Karlhede algorithm must end at third order; i.e., 
with an invariant count (0, 1, 2, 2). 
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Proof. The last invariant given in (-D 2v E , )5i' ; ii' gives one new candidate for a func- 
tionally independent invariant: \tv' + v'a. Applying the transformation law for 
1/ it is seen that we may remove the majority of the terms in v' and instead study 
the new invariant: 

5 

-t(v + AB) + a(9 + AB). 

As |a| 7^ §|t|, we may always combine this and the conjugate to produce the simpler 
invariant 



(27) 



v + AB. 



To start on this calculation we denote f x = Re(fi) and f y — Im(fi) and use the 



special form on v in (20 1. We first simplify f + f using the functions in (21) and 



( 23 1 to produce 

/ + / 



%e ia + e 4a ) + AC + AC + 2ite(/ 2 ) 
16 

r 2 
16 



(e 4a + e 4Q ) + 2j x C x - 2Gf y + Re(f 2 ), 



-f v C (a + a) + if x C (a - a). 
Integrating the remaining term and substituting this into v in ( 20 ) to get 
iC t 



4 f 

gir Cir 
16 r 16 f 



+ (UC + + ifyit ~ + 2Re(f 2 ))e- 2a ~ 2a 



We may remove several terms in v which are already functionally dependent on r. 
Plugging / + / into AB we find similar terms that may be removed from v + AB: 



AB 
~DB 



-2a-2a 



V\G. U 
Co 



G. 



Co\r\ 2 



v 2 \t\ s 



G 



2C |r| 



-2a-2a 



[A(C + C) + ^(C-C) + 2i?e(/ 2 )] 



C 2 f C 2 r 



16 r 16 f 

With this in mind we may remove even more terms from v, to produce a new 
invariant: 



N 



T rUM 



(28) 



K = (A(C + + ify(C - + 2i?e(/ 2 )) e 



N )\r\+DB(Ni-N ) 

2a-2a 



Co 



Co\t\< 



G , 



2C |r| 



-2a-2a 



Multiplying 
its conjugate, 



to N and taking the difference of this new quantity with 



4 ? Co|r| 2 (jV{-^) 
3C 2 |rP-2 



2if y e 



-2a-2a 



l N 



l N. 



Removing this term from N leaves 



(29) 



{h\r\' 1 e- 2a - 2& 



K)\r\+C \r\f v e 



-2a-2a 
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Scaling by | t - | 1 , we calculate the triple wedge product of this invariant with the 
previous invariants. The coefficients of the triple wedge product relative to the 
coordinate 3-form basis are extensive. However, only one is necessary if we wish 
that the triple wedge product vanishes; the da A da A dv coefficient gives 

- e - 3a - 35 [4(-C 4 + if y (C - C) + 2Jte(/ 2 )) + 2C f y ] = 0. 

As £ — £ is linear function in a + a, f y must vanish and hence Re(f2) = as well 

These constraints cause {f x \r 
the remaining invariant N' — N[ — = (iVj — f x \r 



N' 



G. 



= N[- 

ebbf 



1 e 2a 2a — Nq) to vanish and so we work with 

l e -2a- 2a) | T |-3 



G. 



2Cof x ) 



2 2C |r|4 

Using the same procedure of equating the triple wedge product of a — a, £ and N', 
we produce a very large 3-form which will not be included. Instead we examine the 
da A du A efo-component: 

GqG ^uuu ^Cq f x ,u 



-3a-35 2G\ 





2C 2 


|r|4 


2C ^ 


2Cg 


- C2 and that 


4+ 


[c 2 - 

Lm 4 . 


e -2a-2a 



Integrating we find that f x = 

N' 



Eliminating the previous invariants and denoting N" — N' — y . We take the triple 
wedge product of this invariant with a — a and £ to produce the following equation 
in the da A dd A du component: 

-3a-35 G iU v 



0. 



Denoting G tU = C3, the remaining invariant becomes N" = C%eT (Cq|t| 4 )~ . 
If we wish to have only two functionally independent invariants at second order, 
C2 = 0. In the case that G jU 7^ and rescaling u so that G :U — 1, we conclude 

fx — ~jpn ■ 

We note that G = Cu + C2 may always be set to zero, using the coordinate 
transformation, ([2| of the form: 

v h. 11.11. 



u = h(u), v 



W u t\ 



-4 G 



Applying this transformation, the analytic function f(£,u) becomes 



f'(C,u) 



cl 

16' 

cl 

16' 



Co 



+ e^ G f x (u)C + 



e^ G (Gl)C 



n 2 



-4i(C+gl) 
Co 



At third order there are no candidates for a third functionally independent in- 
variant, A'£, as the unprimed frame derivatives yield 



DC 



iC 



2|r|e , AC 
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The Karlhede algorithm terminates with an invariant count (0, 1, 2, 2). □ 

Vacuum Kundt waves with an invariant count of (0,1,2,3,4,4) in the Karlhede 
algorithm cannot occur as the metrics with invariant counts starting with (0, 1, 2, ...) 
must have (0, 1, 2, 2) at the next order. 

4.2. Vacuum Kundt waves with (0,2,2,...). To begin this section we prove a 
more general result for the vacuum Kundt waves with invariant count (0,n, ...) 
1 < n < 4 and \a\ = ||r|: 

Proposition 4.4. For those vacuum Kundt waves with at least one functionally 

4 



independent invariant appearing at first order and such that \a\ = ||r| then a ^ 



Proof. Expanding the conjugate of a using (20 1 we find 

Upon simplification this leads to the equation 
1 + 5e id - 



4 

A contraction arises here, as we may differentiate with respect to a giving £ a = 0, 
which cannot be so. □ 



Recalling the comment after equation ( 16 ) there are three cases to consider 
depending on the phase of the conjugate of a; this implies that the first two cases 
where a = ±fr cannot occur, except possibly on certain submanifolds. In the 
original coordinate system, the form of /(£,?/) determines what values C and C 
must take. To start narrowing the possibilities for f(C,u) we consider the wedge 
products of invariants built out of a, r and their conjugates. As T — e a ~ a ~ ^Jt/t, 
and A = £ a = (e a ~ a (a — r)) _1 are both invariants it will be helpful to consider the 
triple wedge product: 

(30) dA A dA A dT = -T(C,aaC,au ~ (,au(,aa)da A da A du. 

Alternatively, using the invariant N = |t| = £(et,it) + £(a, u), we have another 
equation as the coefficient of the triple wedge product: 

(31) dT A dN AdA= -T(C, aa C,u + C,aaC,« " C,««Ca " (,au(,a)da A da A du. 

Equating these two to zero, we have sufficient information to solve for /(C,w) hi 
the vacuum Kundt wave metrics with invariant count (0,2,...), and hence narrow 
down the possibilities for (0, 2, 2, ...). 

Lemma 4.5. The vacuum Kundt wave metrics for which the triple wedge product 
of a, t and their conjugates vanish have the following form: 

F(u) 2 MC-fpM) 

(32) /(C,u = ^L e -^r- +ff ( u ) C + 50 ( u ) 

16 

(33) /(C,u) = ^-e 4 -^^ 1 + gi (u)C + 9 2(u), Re(C)^0 

16 

(34) /(£u) = f 2 (( - c - iF 3 (u)) + g 3 (u)( + 9i (u) 



(35) 



/((,«) = e-f F ^ da f 6 ((-i J F 4 (u)du^j + g 5 (u)( + g 6 (u). 
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Proof. Equating equations (30) and (31) to zero, we have two differential equations 
for £(a, u) and its conjugate: 

(36) C,aaC,an C,auC,aa 

(37) C,aaC,u C,aaC,w C,auC,a C,awC,a 0* 

There will be four cases depending on whether £, aa and ^ ua are zero or not. 
Case 1 - C,aa = 0, C,«a 7^ 0: 

Equation (36) vanishes entirely while (37) implies C,a = — C,s, so that 

(38) { = iF(u)a + f (u) 



Solving for a and integrating — e Aa : 



4(C-/ ) 



we hnd the form ( 32 ) 
Case 2 - C a 



-- 0, C,«a = 0: 
Here the constraints immediately imply 



(39) 

Solving for a and integrating /. 



( = ca + fi(u). 



which yields the analytic function ( 33 ) . 
Case 3 - (, aa ? 0, ( iUa = 0: 

These assumptions cause (37) to become C,« + C,u = 0, implying £ takes the form: 

(40) C = fc 1 (a)+iF 3 (u) + C . 

Solving for a and assuming /a = \lnf2, the expression / ^ = e 4a becomes, 

lcc = h(C-C Q -iF 3 ). 

As /2 and / 2 are arbitrary functions of u, we make one more assumption, f% = /2,1m- 
Integrating twice yields the desired metric (34). 
Case 4 - C,aa 7^ 0, (, ua + 

Re-arranging the functions we find 

C,o,u C,au 

C,aa C,aa 

which is equivalent to C,au — F^(u)^ aa = 0. Integrating with respect to a yields 

C,« - F 5(u)C.a = U(u). 



Substituting this into (37) we find that f± = iF^, so that ( takes the form 
(41) 



c = u 1 « 



Fc.du 



FaoIu. 



Solving for a and assuming /g = \lnfe we find 

< Shdu 'hU / J F A du 



Assuming /g = /6,«« and integrating twice, we recover (35). 



□ 
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It should be noted that these metrics do not yet belong to the (0, 2, ...) class as 
we must determine whether 7 may be set to zero or not. If 7 is non-zero, the triple 
wedge products of itself with a, r and their conjugates give further conditions on the 



metric. By proposition (4.4) we see that a ^ ±t and so by [llj we may eliminate 
the real or imaginary part of 7 but not both as the ratio of the real part to the 
imaginary part of aB + \Bt is tan[\(arg(a) + arg(r))] = tan(arg(e lC ) = C ^ 0. 

Opting to eliminate the real part of 7, we note that the purely imaginary in- 
variant 7' is invariant under any null rotation preserving Re(-j) — due to the 
proportionality of the real and imaginary part of aB + \Bt. Thus, without fixing 
the frame any further, the transformed scalar 7' is a Cartan invariant: 

7 ' = i(7m(7) - CRe{i)) 



2^/2 



T V - 



and so we may consider the triple wedge product of the differentials of three invari- 
ants constructed from 7', r, a and their complex conjugates. 

Lemma 4.6. The class of vacuum Kundt waves with an invariant count beginning 
with (0,2,2,...) and \a\ = ||r| cannot occur. 

Proof. Using the invariants e a ~ a , ^ a along with 7' the 3-form produced has a 
considerable number of terms in each coefficient of the coordinate basis for 3-forms, 
except for the coefficients of da Ada A dv, da A du A dv and da A du A dv. Equating 
these coefficients to zero we find two very strong constraints: 



iC\T\2e~ 

iC\r\ 2 e" 
2V2 



<aa = 0, 



Immediately we see that the metric must be of the form ( 33 1 with the corresponding 



form of £(a,w) given in (39 1. Expressing a and r in terms of this function the 
required equality \a\ = ||r| implies 

^M 2 -^( C - 1 + c- 1 )-icr 2 ^o, 

where |r| = (Co (a + a) + iCi(a — a) + 2i?e(/o))~ 1 with either Co or C\ non-zero. 
Multiplying by |r| _2 |c| 2 the above equation is now 

24|c| 2 CM- 1 , ,_ a n 
^6 2— ~ |T| =°' 

then by expanding | t - | 1 and differentiating twice with respect to a we find a con- 
stant that must vanish: 



Co + iCi = 0. 

This produces a contradiction as we have assumed £. a 7^ 0, thus there are no 
vacuum Kundt wave spacetimes with an invariant count (0,2,...) where the first 
order Cartan invariants satisfy \a\ = ||r|. □ 
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5. Sharpness of the q < 4 upper bound 
To start, we will calculate the quadruple wedge product of the differentials of 



a — a, £ and two new invariants arising in N where the invariant in ( 29 ) is denoted 
as No, and Ni arises from the imaginary part of N, 



N 



(42) 



I [N \t\+DB{DB + DB)- 1 (A^o + ^P+iVi)) 
N a = (-Co/, + if y (C - C) + 2ife(/a)) e- 2Q - 2s , 



(G 2 „+G, 1 »,Cq-2C 2 / x ) [C \r\ 2 -l]f v 



In these coordinates, the invariants are a bit complicated; one may make a coor- 



dinate transformation to remove G(u) in the metric, (21). applying a coordinate 
transformation ^ of the form: 

(43) u' = h(u), v' = ^ + J^, h u = e ~4 G , 

the analytic function /(£, u) becomes 

-4i(C+C!) 



/'(£«) 



16 



7- •- , AGf C ^ , t^G, / n , e 7 ^ (G 2 U +C G, UU K 

c « +e c o fi{u)( + e c « / 2 (u)H 7^ ■ 



Finally, noting that /1 = / x + i/ y and / 2 are arbitrary functions of u, we may just 
relabel the quantities and write the metric as: 

-4i(C + Ci) 



(44) 



f(C,u) 



r- 
16 



~ T7 ^+/i>')C + / 2 W 



Dropping the primes and repeating the calculations in lemma (3.3| and subsec- 
m 

(45) 



tion (4.1 1 with this new metric, one finds that No and Ni are now 

No = (-Cofy + if y (( - + 2J2e(/ 2 )) e - 2 «- 2 », 



[Cgkl 2 -!]/, 
Co|r| 2 



-2a-2a 



Examining d(et — a) A d£ A diVo A diVi we find the sole coefficient of the coordinate 
4-form is: 

{N .a + N ,a)N hu - (JVi,„ + N lt a)N , u = 0. 

Expanding this equation we find three essential equations whose vanishing is nec- 
essary and sufficient for the 4-form to vanishx' 

(Re(f 2 ) + ^fy)f x , u - Re(f 2 ),uU = 
(Re(f 2 ) + ^fy)fy, u - Re{h),uf v = 

fyfx,u fy,ufx 0- 

To solve these equations we must consider two cases depending on whether f y — 
or not. In the case that f y does vanish, we find that Re(f 2 ) may be expressed in 
terms of derivatives f x , an arbitrary function: 

(46) Re(f 2 ) = C 3 f x . 

While if f y 7^ and arbitrary, we find that 

Co 



(47) 



/* = C 2 f y , Re(f 2 ) = [C 3 + -jln(f y )]f y . 
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These choice of functions are reflected in the structure of the invariants. Supposing 
that f y = 0, we may express Ni in terms of N — Re(f2)e~ 2a ~ 2a , 



m = 



N . 



In the case that / 9 / we find that No and Ni may be expressed in terms of iVjj, 

^2 = f y e- 2a - 2a , 
(48) N = N 2 (C \t\- 1 + 2d + ln(N 2 /2)), 



C2 , C 2 \t\ 2 -2 



iV,. 



Regardless of whether / 5 ^ or not, the third second order invariant arising 
here is of the form 



N = F (u)e 



-2a-2S 



The frame derivatives of this invariant produce only one new functionally indepen- 
dent invariant, 

2 ] AN = Fo. u e- 30 

To determine the full class of (0,1,3,4,4) vacuum Kundt waves, we must avoid 
those functions Fo which give the invariant count (0, 1,3,3), this can only happen 
if Fq is constant or when it satisfies the following differential equation, 



Fq,u — ~2y C 4 F Q 2 

by integrating one finds that F = C4M" 2 . 

It is clear that in the case that Fo is constant, all of the metric functions in (44) 
are independent of u and hence this is a G\ metric with no w-dependence. In the 
other case, we may make a coordinate transformation, 

v fa ii.it. 



(49) u' = h(u), v' 



2h 2 u r\ 2 ' ' u 



-1 



Dropping the primes, in these new coordinates the (0,1,3,3) metrics with f y — 
are now of the form 

2 -4i(C+%^-+Ci) 

(50) /(C,u) = %e °5 +C 2 C + C 3 
while those metrics with fy^O are now 

(51) /(C, u) = §e " 41<<+ ^ L+Cl) + C 2 ( + iC 3 (C+^)+ C 4 . 

Prom [19] it is clear these are all G\ spacetimes. 

We conclude this chapter with the result that the sharpness of the upper bound 
has been confirmed. 

Lemma 5.1. The vacuum Kundt waves with invariant count (0,1,3,4,4) are of 
the form 

Cn -4i(C + Cl) 

/(C, u) = + h(u)C + f 2 (u) 
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where f± and fi are non- constant and satisfy either 

fi = (C a + i)f y , Re(f 2 ) = C 3 + fln{f y )f y , f y ± Ci 
(52) or 

h = f x , Mh) = c a f w , f x ? Cu-\ 



6. Uniqueness of the vacuum Kundt waves with q = 4 in the Karlhede 

Algorithm 

We note that the vacuum Kundt waves with invariant count (0, 3, 3, 4, 4) cannot 
occur, as a byproduct of the following lemma proven in the next section as Lemma 



(7.2) 



Lemma 6.1. For all vacuum Kundt wave spacetimes with invariant count (0, 3, ...) 
the magnitude of a is never proportional to that ofr; i.e., \a\ ^ ||t|. All remaining 
frame freedom is exhausted at first order by setting 7 = 0. 

Hence we need only investigate the existence of the (0,2,3,4,4) vacuum Kundt 
waves to determine the uniqueness of the vacuum Kundt waves with q = 4. By 
examining the remaining admissible branches in figure (jTJ) , it is clear the only chance 
of the vacuum Kundt waves attaining q = 4 in the Karlhede algorithm lie in the 
cases with invariant count (0, 1, 3, ...) and (0, 2, 3, ...). In both of these cases 7 may 
be set to zero and the invariant coframe is entirely fixed. 

Instead of working with the spin-coefficients relative to the invariant coframe 
with \& 4 = 1 and 7 — 0, we examine the second order invariants found by picking 

apart the invariants: a — a— \ln (^) , £,a = \ f\ip- ~ 4t)~ 1 and C + C 
a and r and applying the following frame derivatives: 

£' =i : n > = n + Bm + Bfh + \B\ 2 £, ml = m + B£ 

where the frame derivatives take the form: 



D = 




Kf + f) L , 2|r ^ 9 C,u d C,u d 



9 V C,a d a C,0 da 



Proposition 6.2. For all vacuum Kundt waves with \a\ 7^ fM; the second or- 
der Cartan invariants with no functional dependence on the previous invariants 

consist of the following frame-derivatives of the first order invariants: \f^Z a = 

|C,a| 2 A(a - a), = CaAG, ^Z 2 = A(( + ()= and ^Z 3 = (J(, a , 

along with the spin- coefficients \il , A', v 1 : 
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^0 = -e-°- a (C,«Ca - C,«C,«) + ~B'ia - -B'C.b, 

T T 



T 

aa ; 



^1 = e- a - a (C. QU C.a-CnCaa) + ^S'C 

r 

^ 2 = -B + -B', 

T T 

Z3 = C.aa, 

Bf [?2B - - - -- 

A = — + \/— +Btt + BDB + SB, 
2 V t C,s 

/i' = — + Btt + SL>B + 

i/' = v + 2Bj+^B 2 T + BB{n + 2a) + AB + B5B + BSB + BBDB 



where the imprinted spin- coefficients are defined in (201 and B' — * ~ . y-rB is the 



M 

complex-valued junction 



B' = er a - & 



*-i(fe-fe) 

T)B' — f ItI + -i- 

±y - D ~~ 25|t| 2 -16|q| 2 \J T I + C. a 

To inquire into the uniqueness of the q — 4 vacuum Kundt waves, we classify 
the vacuum Kundt waves with invariant count beginning with (0,2,3,...). This 
class of spacetimes is noteworthy as it contains the majority of metrics admitting 
one Killing vector, and will provide an invariant expression to differentiate those 
vacuum Kundt waves with invariant count (0, 2, 3, 4, 4) from those with (0, 2, 4, 4). 
To find such an expression we consider the quadruple wedge products of 

d{a — a) A dC, t a A dZi A dZj, and d(a — a) A c?|t| — 1 A dZi A dZj. 

If there are only three functionally independent invariants at second order, all twelve 
quadruple wedge products must vanish, giving twelve equations: 

ry rv 77 Cau l^j,v \Zi } a ~t~ Z^q^) Zi v (Zj a -\- Zj^] 



Zi.uZj^u Zi v Zj u 



(| r | ) ,u[Zj,v{Zi >a + Zi^a) — Zi >v (Zj <a + Zj t a)] 



C,« + C,a 

Fortunately the cases where £ )tTO 7^ may be studied directly without resorting to 
wedge products: 

Lemma 6.3. The vacuum Kundt wave metrics with an analytic function of the 



form (32) , 

•,2 4(C-F (u)) 

16 



f(Cu) = -^e* l ^ +9 (u)t + 90 (u) 
have the invariant count (0,2,4,4). 

Proof. To start, we make a coordinate transformation to remove the imaginary part 



of fo in ( 32 ) using the coordinate transformation: 

2h 2 Jr\ 2 ■ 



u' = h(u), v' = y~ - 2 ^T T p , h tU = e 
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Writing £(a, it) = iF{u)a + Fq(u), we find that the first order invariants arising 
from r and a are 

(53) hn(f/T) =a-a, £„ = iF(u), M -1 = ?F(a - o) + F . 



As F' 7^ 0, so as to avoid metrics of the form (331, we may take its inverse locally 
and express all other functions of u in terms of it. 

F =So(F). 

Thus we are left with a — a and ^ a as invariants. Noting that Zi = Z[ + Z 2 , where 
Z 1 is 

Z[ = e- a ~ a FF u = e- Q - a S(F). 

Removing the u-dependent piece, we may solve for a — a as a third functionally 
independent invariant. Taking Z 2 in Proposition (6.2 1 we may strip away all terms 
dependent on a, a and u leaving v as the last invariant at second order to complete 
the set {a — a, a + a,F(u),v} with the spin-coefficients at first and second order 
acting as the classifying manifold along with the frame derivatives of v and a+a. □ 

Applying a lesson learned from section ([5| , we note that any metric of the form ( 35 ) 
may be transformed into one of the form (|34|) using the coordinate transformation 



(54) u' = h(u), v' = - 2h\\ U T\ 2 ' h ' u = 6 ! * ' 

The division of the case with £ jQa ^ cannot be made by £ au vanishing or not; it 
is a coordinate-dependent distinction. We may ignore the £,au ^ in Lemma (4.5) 
case and study the simpler case. 

With these two cases eliminated, we may set £ atl = 0, giving only six equations 

(55) Zi tU Zj^ v — Zi tV Z^ u = 0. 



By examining the form of the remaining two metrics, (33 1 and (34), we note that 
both of these potentially contain a Killing vector [19] . 

Lemma 6.4. The vacuum Kundt wave metrics with analytic function of the form 
([331 

/(C,«) = ge^"^ + 01 (u)C + «&(«), Re(c) ^0, 
have the invariant count (0, 2, 4, 4) except in the subclass of these metrics with 

f(C, u) = ^ e M< - c °r Clu) + C2 C + Im(c 2 )C lU + C 3 
which have the invariant count (0,2,3,3) 

Proof. We first examine the possibility of invariant counts of the form (0,2,3,...) 
using the metric (33). In this case the metric function is C(a,it) = ca + fi(u), we 
find that the first order invariants arising from r and a are 

(56) a — a, ( a = c, | -r | 1 = Re(c)(a + a) + ilm(c)(a — a) + Re(fi). 

At second order, Z 3 = Zi = 0, thus there is only one quadruple wedge product 
giving constraints on the metric functions. Mutiplying cZi and adding it to Zo 
gives a useful invariant 

Z' er a ~°- t 
— ~- = —Im((,uc) + rB' 

C + C C + C T 



Vacuum Kundt Waves 



19 



To calculate the wedge product we scale Z and Z2 and use the following quantities: 

yll _ 7 I 25|r| 2 -16|a| 2 7 , _ Z 2 

^0 — ^0 16|t| 2 (c+c) ^2— ZDB' + tDB>- 



Substituting into equation ( 55 1 and differentiating the whole expression by v to get 

^2,v^0,uv ~ ^0,v^2,uv = \ T \,u- 

Requiring this to vanish, we find that Re(f[) — implying that a — a and a + a are 
the only first order invariants. 

Returning to the original invariants Zq and Zi , substituting into equation ( 55 ) 
and denoting /m(/i) = F\ we find that this becomes, 

' T -DB' + f DB' + 5( ^C-DB' + f DB') ■ C +^H 
4|c| 2 



As before, setting this equation to zero we find that F\ = Im{f±) — C\u. Substi- 
tuting the form of /1 = Cq + iC\U into B' in proposition ( |6.2[ ) it is clear that one 
may peel away the terms and coefficients of the u-linear term in Zi to produce v 
as the last invariant. 

Examining the remaining second order invariants, 

7r' = 7T + DB, 

Rf f¥lB - - - 
A' = + J-^+Btt + BDB + SB, 

2 V T C,a 

Br 

// = — + Bit + BDB + SB, 

1/ = v + 2B"f + ^B 2 t + BB(tt + 2a) + AB + BSB + BSB + BBDB, 

it is clear that the only new functionally independent invariant arises in v as this 
is the only function retaining u-dependence. Due to the formula for v in ( 20 ) we 
may work with the simpler invariant, 



N = 



1 - 



>l 



2|T| + (C,a + C, S )IC,a|- 

(e a ~ a DB + e a - a DB 



0»+*ffw(C-O + 2ite(fla) 



1 



M+a 1 



2|r|+(C,a+Ca)IC,a|- 



-2a-2a 



where <?i = <? x + Taking the wedge product da A da A dv A dNo and expanding 
C(a,u) and its conjugate one finds 



1 



2M + (C,a + Ca)ICa|- 



2C l9y + 2Re{g 2 ) 



Equating this to zero we find that g\ = g x + Hm(c2) and Re(gi) = Im{c%)C-\u. As 
all u-dependence has been removed from the invariants, it is clear this is a G± space; 
the classifying manifold consists of the first order and second order invariants in 
terms of a, a and v along with the frame derivatives of v. Repeating the calculation 
of the quadruple wedge product with N\ gives g XtU = and so g\ = c 2 . 

In the (0, 2,4,4) case, we may replace the complex- valued fi in ( 33 ) with a real- 
valued function of u. To do so, we apply the following coordinate transformation 

v ft,™ u _ -r^{Re(h)Re{c)+Im(fi)Im{c)) 



h(u), 
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Then by making the gauge transformation, F\ = —Re(fi)Im(c) + Im(fi)Im(c), 
we recover the desired metric form. □ 

Lemma 6.5. The vacuum Kundt wave metrics with analytic function of the form 



(34) 



/(C, u) = / 2 (C - C - iF 3 (u)) + g 3 (u)C + gi (u) 
have the invariant count (0, 2, 4, 4) except in the subclass of these metrics with 

/(C,«) = MC- C- iC u) + dC + Im( Cl )C u) + C 2 
which have the invariant count (0, 1,3,3). 

Proof. We first examine the possibility of invariant counts of the form (0, 2,3, ...). 
In this case the metric function is £(a, u) = Z(a) + C + iF 3 (u), we find that the 
first order invariants arising from r and a are 



(57) 



U \r\ 



C(o) + C(o). 



Locally we may take the inverse of £ jQ to solve for a and use it as an invariant. 
Similarly we may do this for the conjugate, and hence at first order a and a may be 
treated as invariants. At second order, Z3 = £. aa gives no new information. If we 
define a new invariant Z[ = Z\Z~^\ Z 2 = Z\ + Z\ and Z = C,aZ[ — C,aZ[, there 
is only one quadruple wedge product giving constraints on the metric functions. 
Taking the quadruple wedge product with Z[ and its conjugate and substituting 



into equation (|55|), we obtain 



-DB' + -DB' 



5(Ca + C,a)r 



DB' + -DB' 



C a + UDB' 



4|Ca| 2 f r |Ca| 2 |r| 2 

As before, setting this equation to zero we find that F3 = Cqu. Substituting F^iu) 



into B' in Proposition (6.2) it is clear that one may peel away the terms and 



coefficients of the v -linear term in Z2 to produce v as the last invariant. 
Examining the remaining second order invariants, 



A' 



n + DB, 

Bf [f2B 

Bt 

~Y 

3 



Bn + BDB + SB, 



Bit + BDB + SB, 



v - 



2B 7 + —Bt + BB(-k + 2a) + AB + BSB + BSB + BBDB, 



it is clear that the only new functionally independent invariant arises in v as this 



is the only function retaining u-dependence. Due to the formula for v in ( 20 ) we 
may work with the simpler invariant, 



1 



Nx = 



g.r 
>l 



2|r|+(C,a+C,a)IC«|- 

(e a ~ a DB + e a - a DB)- 1 



+ *0»(C-O + 2ite(S2) e 



1 - 



2|r| + (C,a+C, a )ICa|- 2 
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where g% = g x + ig y . Taking the wedge product da A da A dv A dNo and expanding 
£(a, u) = h(a) + iF$ and its conjugate one finds 

(C - C) + ig v (2iCo) + 2Re(g 4 ) tU . 

Equating this to zero we find that g% = g x 4- ilm(c\) and Re{g 4 ) — Im(c\)Cou. 
Repeating the calculating with Ni in the quadruple wedge product yields g 3 = c\. 
As all M-dependence has been removed from the invariants, it is clear this is a G\ 
space, the classifying manifold consists of the first order and second order invariants 
in terms of a, a and v along with the frame derivatives of v. □ 



H + G 1 

2|r| + (Ca + C, a )lC, a |- 2 



7. An Invariant classification of vacuum Kundt waves 

In proving the sharpness of the lowered upper bound we exhausted all of the 
branches of the invariant-count tree starting with (0,1,...). Employing the first 
order Cartan invariants, a, r and 7, we may eliminate several branches from the 
remaining invariant-count trees in ([2]). 

Using the results in this section the possible scenarios for the invariant classifi- 
cation of the vacuum Kundt waves can be narrowed down further to the following 
diagrams in figure (JlJ 

7.1. Vacuum Kundt waves with \a\ = §|t|. In the most general case, where 
a vacuum Kundt wave admits the following invariant counts, (0,4,...), we may 
eliminate the scenario where q = 2 by counting coordinates involved in the first 
order invariants. 

Proposition 7.1. All vacuum Kundt waves with invariant count (0,4,...) must 
have \a\ = ||r|. 

Proof. Choosing Kundt coordinates, we calculate the quadruple wedge product of 
the differentials of the first order Cartan invariants a, r and their conjugates. As 
they are all functions of a, a and u relative to the special coordinate system, it is 
clear that 

da Ada Adr Adf = 0. 

If the magnitudes of a and r were not proportional we would always be able to set 
7 = 0, contradicting our assumption that four invariants appear at first order. □ 



(0,4,.-) (0,4,4,...) — (0,4,4,4) 

(0,3,...) (0,3,4,...) - (0,3,4,4) 

, (0,2,3,...) - (0,2,3,3) 

(0,2,...) ■<=— (0,2,4,...) - (0,2,4,4) 

(0,1,2,...) - (0,1,2,2) 

/ (0.1,3,3) 



(0,1„ 



(0,1,3,...) <— (0,1,3,4,...) (0,1,3,4,4) 

(0,1,4,...) — (0,1,4,4) 



Figure 1. All permissible invariant-count trees for the vacuum 
Kundt waves 
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With the upper bound q < 4 shown to be sharp in the subclass of the vacuum 
Kundt waves with invariant count (0, 1, 3, 4, 4), we would like to determine whether 
vacuum Kundt waves with q = 4 exist in the other subclasses of the vacuum Kundt 
waves with invariant count begining with (0, 2, ..) and (0, 3, ...) respectively. Using 
the approach from the previous section, it is possible to show the q = 4 branch in 
([2]) cannot occur in the (0,3, ...) case. 

Lemma 7.2. For all vacuum Kundt wave spacetimes with invariant count (0, 3, ...) 
the magnitude of a is never proportional to that ofr; i.e., \a\ 7^ ||t|. All remaining 
frame freedom is exhausted at first order by setting 7 = 0. 



Proof. Let us assume that the two magnitudes are equal, then by Proposition (4.4), 
a =/= ±r and we may set either the real or imaginary part of 7 to zero. As before, 
we eliminate the real part of 7. The purely imaginary invariant 7' is invariant 
under any null rotation preserving Re("f) = due to the proportionality of the real 
and imaginary part of aB + \Bt . Thus, without fixing the frame any further, the 
transformed scalar 7' is a Cartan invariant: 

7' = i(Im(^f) — C(a,a,u)Re(j)) 

iC,u *C,u ( 1 1 1 Cm . *C.'« 

C \t\v + 



2y/2 



Ca C,a V C,(i C,GE 



and so we may consider the quadruple wedge product of the differentials of three 
invariants constructed from 7', r,a and their complex conjugates: |t| , e a ~ a , C,a 
and 7'. Doing so we find the sole coefficient of da A da A du A dv is: 



\C,aaC,U "T" C,aaC,u C,auC,a C,tmC,a) • 

If we wish to have three functionally independent invariants at first order, this wedge 



product must vanish; however, this is exactly equation (31) used to determine the 



class of vacuum Kundt wave metrics with invariant count (0, 2, ...). This contradicts 
our assumption and so |a| ^ ||t|. □ 

With this result we see that for all metrics with an invariant count (0, n, ...), n < 4, 
we may always set 7 = as ||r| ^ \a\. 

7.2. Vacuum Kundt waves with |a| 7^ To complete the classification of 

those spacetimes with invariant count (0, 2, ...), we show that the class of vacuum 
Kundt waves with invariant count (0, 2, 2) cannot occur. 

Lemma 7.3. If a vacuum Kundt wave spacetime admits a two-dimensional isom- 
etry group it must belong to the (0, 1, 2, 2) class. 

Proof. Supposing that only two functionally independent invariants appear at first 
order, we require that the wedge products of d{a — a) A d^ a A dZi and d{a — a) A 
d|r| _1 A dZi all vanish. Calculating the wedge products in a particular coordinate 
system gives 

d(a - a) A d( ya A dZi = [(, aa Zi,u ~ C,au(^i,a + Zi,a)]da AdaAdu 
+ Zi tV (, aa da A da A dv 
+ Zi tV (, au (da A du A dv — da A du A dv), 
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d(a -a) A d^ 1 A dZ, = [(£„ + C,a)^i,« - + ^, a )]da A da A du 

+ Zi, v {Q ta + C,a)da A da A dv 
+ Zi, t ,(C,M + C.u){da A du A dv — da A du A dv). 



If these wedge products are to vanish then either Co + Ca = C« + f )U = £. au = 
C.aa — or ^i,t; = 0- As in the proof of Lemma (7.4) we may use the same 
argument for metrics (32 1, (34) and (35) to show Z i v ^ 0, % = 0, 1,2. In the case 
of the metric (33) where Cao = and Co = — Ca, ^2.« = occurs if and only if 
C,a = which is not possible. If these wedge products do vanish, we must have 
C,a + C,o = C,u + C,u = C,a« = C.aa = 0, implying that this metric belongs to the 
(0, 1, ...) class. □ 

To illustrate the utility of these invariants over the usual set of invariants arising 
from the spin coefficients relative to the invariant coframe, we prove that the class 
of vacuum Kundt waves with invariant count (0, 3, 3) cannot occur. 

Lemma 7.4. If a vacuum Kundt wave spacetime admits three functionally inde- 
pendent invariants at first order of the Karlhede algorithm, it must belong to the 
(0,3,4,4) class. 

Proof. Supposing that we do have the invariant count (0, 3, 3) we will show there is 
a contradiction. Denoting the triple wedge product = d(a — a) A d^ a A d(( + Q, 
we note 



-(Coo(C,« + Cm) - Ca«(Ca + (,a))da A da A du. 



We recall from equation (31) that if this equation vanishes only two functionally 
independent invariants appear at first order of the algorithm; thus this must be 
non-zero if we wish to have three invariants at first order. To impose the condition 
that no new functionally independent invariants appear at second order, we require 
the vanishing of all quadruple wedge products with Zi, I = 1, 2, 3, 4 

3 A dZi = -Z IiV (C,ss(C,u + C,«) ~ Con (Co + (,a))da A da A du A dv. 
This can only occur if and only if Z^ v = 0, i = 1, 2, 3. Examining the w-coefficicnt 
of the first three Z^ yields two cases, depending on whether Cao = or not. 

• If C.aa 7^ 0, the vanishing of A Z\ implies Z\, v = 0; this can only occur 
if DB = Owhich is not possible; otherwise one would have \t\ = — C^ 1 - If 
one were to impose this constraint, it immediately implies, Co = which 
cannot be true. 

• If C.aa = 0, the vanishing wedge products A Zq and Q3 A Z2 give the 
following equations 

ZDB>C,a - f £>S'C,o = 0, 
^DB' + ^DB' = 0. 

r r 

As DB 0, we may solve one equation and substitute into the other, 

"Co 



Co 



1 



DB- 



0. 



This will only vanish if Co = — Ca; however, if this is the case, then (31 ) is 
satisfied and this spacetime belongs to the (0, 2, ...) class, contradicting our 
assumption, and so it cannot occur. 
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□ 

Effectively we may differentiate those vacuum Kundt waves with invariant count 
(0, 3, 4, 4) and (0, 4, 4, 4) by the non- vanishing of the first order invariant \a \ — ||r|. 
The Newman-Penrose field equations provide further classifying functions. 

8. Conclusions 

In this paper we have invariantly classified all of the vacuum Kundt waves by 
exhaustively listing all invariant counts that appear as states in the Karlhede algo- 
rithm. Using the invariants produced by this method, we examine each invariant 
count to determine if the spacetime is integrable. In many cases whole branches do 
not occur or are significantly simplified; the results of this analysis are summarized 
in table form in the following two tables and (J2J. 

This analysis was motivated by previous work on the upper bound of the Karl- 
hede algorithm applied to type N spacetimes; it was conjectured that q < 5 [TT1IT5] 
for the vacuum Kundt waves; however, this upper bound was not shown to be 
sharp. We have lowered the upper bound to q < 4 and produced an example by in- 
tegrating the class of vacuum Kundt waves with (0, 1, 3, 4, 4) proving the sharpness 
of the bound. Furthermore, we proved this class is unique as it is the only class 
requiring the fourth derivative of the curvature to invariantly classify its members. 

It has been shown that any spacetime that is not (locally) homogeneous requires 
at most q < 7. In fact, in the cases of Petrov types I, II and III it is known that 
at most q < 5. The remaining Petrov types D, N and O provide instances where 
the upper bound may be higher. The type D vacuum spaces have been studied 
exhaustively [2TJ[32] and shown to have an upper bound q < 3; type D non- vacuum 
have been shown to have q < 6 |23j . Similarly the type O spaces been analyzed 
extensively and in these spaces q < 5 [2H 123 [Ml [S7J 

We are left with the Petrov type N spaces, as mentioned previously, the upper 
bound for type N vacuum spaces was q < 5 [22[ I15j . Following from this work on 
vacuum type N spacetimes the only candidates for a vacuum type N space with 
4 < q < 5 would be the Kundt vacuum waves; we have shown that the vacuum 
Kundt waves have q < 4. The addition of matter complicates the analysis; it has 
been shown that there is a non-vacuum Kundt wave with q < 5 |16j while the 
addition of A can raise the upper bound up to seven [17] . 

In [29] a partial invariant classification is made of the type N plane-fronted waves 
(that is, all type N spacetimes admitting a non-twisting, shear-free null geodesic 
vector I with cosmological constant and admitting pure radiation, null Maxwell- 
Einstein or vacuum as sources.). These spaces are interesting as they belong to the 
VSI and CSI\ class and cannot be classified using polynomial scalar curvature 
invariants. Furthermore, these spaces are easily interpreted physically using the 
equations of geodesic deviation due to the simple form that the curvature tensor 
takes in these spaces. The vacuum Kundt waves have been studied using represen- 
tative timelike geodesies to study the structure of these spaces and the singularities 
in them |28] , The relationship between the geodesic deviation equations (i.e., the 
physical interpretation) and the Cartan invariants of a space is not known; however, 
for the type N CSI\ and VSI spaces one could potentially do this. 

In the future, we will examine the invariant classification of the CSI\ space- 
times using the Karlhede algorithm. Alternatively, one could extend this approach 
to classify the pp- waves and Kundt waves in higher dimensions [301 OH] • 



Vacuum Kundt Waves 



25 



Invariant Count /(C> u ) 



(0,4,4,4) f(C,u), |a|-|M=0 

(0,3,4,4) f(C,u), |a|-||r|^0 

(0,2,4,4)-0 -^f e 4< -(") U>) + g(u)C + g (u) 

(0,2,4,4)-l ^-'-W + gi ( u )C + g 2 (u) 

(0, 2,4,4) - 2 / 2 (C - c - iF 3 (u)) + g 3 (u)Fz + g 4 (u) 

(0,1,4,4) +/i(u)C + / 2 («) 

(0,1,3,4,4) f e ""^ Cl1 + f v [(C 2 + i)C + 2C 3 + ln{ff \ 



n 2 -4i(C + Ci) 

(0,1,3,4,4) %e c + f x (( + C 2 ), 



fy(u) ^CU 

/ x (u) ^ Cu- 2 



Table 1 . All Vacuum Kundt waves admitting no symmetries 

Invariant Count /(£, u) Killing vector 

(0,2,3,3) ^e 4 '^ "-' 01 "' + c 2 ( + Im(c 2 )C lU + C 3 - dT 

(0,2,3,3) / 2 (C-C-zCou)+ciC + /m(ci)Co« + C 2 C/ - C T 

r 2 -4i(C-iC u + C 1 ) 

(0,1,3,3) %e ?o + c 3 ( + Im(c 3 )C u + C 2 U ~ C 2 T 

r 2 -4i(C + Ci) 

(0,1,2,2) °° C/and 



Table 2. All Vacuum Kundt waves admitting symmetries; the 



Killing vectors are: U = ^ ,R = i - |r) and T = § 



9u ' 
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Appendix A: Vacuum Kundt waves admitting no symmetry 

Lemma 8.1. The metrics belonging to the (0, 4, 4, 4) class may contain any analytic 
function, f(z,u), not listed in the class of vacuum Kundt waves with invariant- 
counts beginning with (0,n, ...), n < 3. 
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Using the special coordinates (17 1, the four functionally independent invariants 
may be constructed from the spin- coefficients in (20 1: 

i(a-a), C,a, |t| _1 , v. 
The classifying functions at first and second order are: 

a + a = Z (i(a - a), (.a, M -1 ), C,« = h(i(a ~ a),C,o, M -1 ), 

? %^ + lC«IH- 1 (Ca + C, 5 ) + |r|- 2 ; 
C.aa = z 2 (i(a - a), C,o, /(a, u) = z 3 (i(a - a),(,a, M -1 )- 

These functions constitute the essential classifying manifold, as all other cur- 
vature components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first and second order using null 
rotation parameters B' and B" to satisfy the conditions 

Im ^7 + B'a + \b't^ = 0; iA"(a - a) = 0. 

Lemma 8.2. The metrics belonging to the (0, 3, 4, 4) class may contain any analytic 
function,f(z,u), not listed in the class of vacuum Kundt waves with invariant- 
counts beginning with (0,n, ...), n < 3. 

Using the special coordinates (17 1, the four functionally independent invariants 
may be constructed from the spin- coefficients in (20 1 even though the last invariant 
appears at second order: 

C,a, Co, M -1 ; v. 
The classifying functions at first and second order are: 

a = «o(Co,Ca, kr 1 ); 

C« = 2 2(Co:C,3) kl -1 ), Coo = Z 3 (( : a,Ca, M' 1 ), f(a,u) = Z 4 (C,a,(,a, M" 1 ). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + S'a+ tB't — which is explicitly given 
in Proposition (6.2). 

Lemma 8.3. The metric belonging to the (0,2,4,4) — class has the canonical 
form 

-^e^ +S ( U K + 9o(u ), 

where F, f , g and gg are arbitrary functions of u. 

Using the special coordinates (17 1, the four functionally independent invariants 
may be constructed from the spin- coefficients in (20) even though the last two in- 
variants arise at second order: 

a — a, Co = iF(u) with F >u ^ 0; a + a, v. 

The classifying functions at first and second order are: 

It]- 1 = iC,„(a - a) + F {u); 

Coa = 0, F yU (u), g(u), g(u), Re{g )(u). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
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their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: j + B'a + jB't — which is explicitly given 



in Proposition (6.2) 



Proof. See the proof of Proposition (6.3 ) to determine the functionally independent 



invariants. The classifying functions arise at second order as terms in Z and v 1 in 
Proposition (6.2 1, which may be separated using {a — a, F(u), a + a,v 



a 



Lemma 8.4. The metric belonging to the (0, 2, 4, 4) — 1 class has the canonical 
form 



/(C,«) 



4(C iF(u) 



16' 



■ gi(u)C + g 2 {u), Re(c)^0 



where F\, g\, and g 2 are arbitrary functions of u. 



Using the special coordinates (17 1, the four functionally independent invariants 



may be constructed from the spin- coefficients in (20) even though the last two in- 
variants arise at second order: 



a — a, 



Zq, Z 2 



where Zq and Z 2 are defined in Proposition (6.2). The classifying functions at first, 
second and third order are: 

C<» = c ; 

Caa = 0, a + a = Z (a - a, |t| _1 , -iZ , Z 2 ), v = Z x (a - a, |t| _1 , Z , Z 2 ); 
AZ Q = iZ 2 {a - a, |-r | ~ x , Z Q , Z 2 ), AZ 3 = Z 4 (a - a, ~ x , Z , Z 2 ). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + B'a+ \B't = which is explicitly given 



in Proposition (6.2) 



Proof. Combining the proof of Proposition (6.4) with Proposition (6.2) to produce 



four functionally independent invariants at first and second order. The second order 
classifying functions arise in //, A', z/; since a + a and v appear generically for all 
members of this class, we work with these simpler classifying functions instead. At 
third order, the only potentially functionally independent invariants are AZq and 
AZ 2 as the remaining frame derivatives applied to Zq and Z 2 may be expressed in 
terms of the invariants and classifying functions arising at first and second order. □ 

Lemma 8.5. The metric belonging to the (0,2,4,4) — 2 class has the canonical 
form 

/(C, «) = / 2 (C - Co - iF 3 (u)) + g 3 (u)C + g 4 (u) 
where F3, g 3 , and g 4 are arbitrary functions of u. 



Using the 



coordinates (17), the four functionally independent invariants 



may be constructed from the spin- coefficients in (20) even though the last two in- 
variants arise at second order: 



a- a, \t\ l ; Z[, Z[ 
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where Z[ = Z X Z 3 1 as defined in Proposition (6.2). The classifying functions at 
first, second and third order are: 

C,o = izo(a - a, |-r| — x ); 
a + a — Zi(a - a, |r| _1 ), v = Z 2 (a - a, |r| _1 , Z[, Z[); 
AZ' 1 =iz 3 {a-a,\T\-\Z 1 ,Z' 1 ). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: "f + B'a-\- \B't = which is explicitly given 
in Proposition (6.2). 



Proof. Combining the proof of Proposition (6.4) with Proposition (6.2) to produce 
four functionally independent invariants at first and second order. The second order 
classifying functions arise in //, A', v'\ since a + a and v appear generically for all 
members of this class, we work with these simpler classifying functions instead. 
At third order, the only potentially functionally independent invariant is AZ[ as 
the remaining frame derivatives applied to Z[ may be expressed in terms of the 
invariants and classifying functions arising at first and second order. □ 

Lemma 8.6. The metric belonging to the (0, 1,4,4) class has the canonical form 



/(C, u) = §e oo ' + / x (u)C + / a («). 

where f\ and f% may be any set of functions except those listed in the remaining 
invariant classes (0,1,3,4,4), (0,1,3,3) and (0,1,2,2). 

Using the special coordinates (|17[), the four functionally independent invariants 



-4i(C + Ci) 



may be constructed from the spin- coefficients in ( 20 ) even though the last three 
invariants arise at second order: 



a — a; v, Nq, N-_ 



where No and N x are defined in equation ( 45 I . The classifying functions at first, 
and second order are: 

(,a = iC , It]" 1 = iC (a- a) + 2d; 

a + a = Z (a — a, N n ,Ni); 

AN = Zi(a-o,t;,JVo > JVi) J AA^i = Z 2 {a - a, v, N , N x ). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + -B'a+ \B't = which is explicitly given 
in Proposition (|24|). 



Proof. See Sections Q and Q. □ 

Lemma 8.7. The metric belonging to the (0, 1,3,4,4) — class has the canonical 
form 

/(C, u) = Se~ 4l co Cl> + F y [(C 2 + i)C + 2C 3 + ln(Fy^)} 
where F y may be any function except Cu~ 2 . 
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Using the special coordinates (17 1, the four functionally independent invariants 
may be constructed from the spin- coefficients in ( 20 ) even though the last three 
invariants arise at second order: 

a -a; v, N 2 ; F{u) = 



where N 2 is defined in equation ( 48 ) . The classifying functions at first, and second 
order are: 



Co 



: iC , \t 
Ni = 



Q2 

M 



= iCo(a — a 

C 2 \t\ 2 -2 



2C X ; 



Co|tP 



N 2 ; 



Zo(F), a + o= iftnte) 



These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + B'a + \B't — which is explicitly given 
in Proposition ( ]24[ ) , 

Proof. See Sections |[3j|, Q, and (JjjJ). □ 

Lemma 8.8. The metric belonging to the (0, 1,3,4,4) — 1 class has the canonical 
form 

/(C, u) = %e o + Fx ^ + c 2 ) 

where F x may be any function except Cu~ 2 . 

Using the special coordinates (171, the four functionally independent invariants 
may be constructed from the spin- coefficients in ( 20 ) even though the last three 
invariants arise at second order: 



a — a; v, Nq; F(u) 



F,. 



where Nq is defined in equation ( 48 ) . The classifying functions at first, and second 
order are: 

C,a = iC , \T\- 1 =iC (a-a) + 2C 1 ; 



Ni = 



-N; 



C 2 \t\> 

F x = Z (F). 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: r y-\-B'a-\- \B't = which is explicitly given 



□ 



in Proposition ([24j). 
Proof. See Sections @, and 

Appendix B: Vacuum Kundt waves admitting a symmetry 

Lemma 8.9. The metric belonging to the (0, 2, 3, 3) — 1 class has the canonical 
form 

2 4(C-C -iC 1M ) 



16 v 



+ c 2 ( + Im(c 2 )Ciu + C3 
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where c, c 2 ana 
respectively. 



Co,Ci,C3 are arbitrary complex-valued and real-valued functions 



Using the special coordinates (17 1, the four functionally independent invariants 



may be constructed from the spin- coefficients in (20) even though the last two in- 
variants arise at second order: 

a — a, a + a; v 

where Zq and Z 2 are defined in Proposition (6.2 I. The classifying functions at first, 



second and third order are: 

C, = c, It]- 1 = Re(c)(a + a) + Im(c)(a - a) + C ; 

Cl, C2, C3. 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + B'a + \B't = which is explicitly given 



in Proposition (6.2) 



Proof. Combining the proof of Proposition (6.4) with Proposition (6.2) to produce 
three functionally independent invariants at first and second order. The second 
order classifying functions arise in Zq and v , using a, a, v we may solve for these 
constants explicitly, At third order now new information is given. □ 

Lemma 8.10. The metric belonging to the (0,2,3,3) — 2 class has the canonical 
form 

/ 2 (C -C- iC u) + ciC + Im( Cl )C u + C 2 
where C,Co,C2,and c\ are arbitrary real-valued and complex-valued constants. Us- 



ing the special coordinates (17), the four functionally independent invariants may 



be constructed from the spin- coefficients in (20) even though the last two invariants 
arise at second order: 

C,a, Co! v - 

The classifying functions at first, second and third order are: 

a-a = iZ (( t a,(, ba ), C + C = ^i(Ca>Ca)) C 'i 

a + a = Z 2 (Co)Co), ci, C 2 . 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + B'a+ \B't = which is explicitly given 



in Proposition (6.2) 



Proof. Combining the proof of Proposition (6.4) with Proposition (6.2) to produce 
three functionally independent invariants at first and second order. The second 
order classifying functions arise in Zq and v l ', using C,aiC,a,v we may solve for 
these constants explicitly, At third order now new information is given. □ 

Lemma 8.11. The metric belonging to the (0,1,3,3,3) class has the canonical 
form 

-4i(<r- ic n+ci) 



16 



Co 



+ c 3 ( + Im(c 3 )C2U + iC 2 
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where Co, C\, C2, andc^ are arbitrary real and complex valued constant, respectively. 



Using the special coordinates (17 1, the four functionally independent invariants 



may be constructed from the spin- coefficients in ( 20 ) even though the last three 
invariants arise at second order: 

a — a; v, u~ 2 e~ 2a ~ 2a 
The classifying functions at first, and second order are: 

Ca = *0>, M" 1 =iC {a-a)+2C 1 ; 
C 2 , c 3 . 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: 7 + B'a + \B't — which is explicitly given 
in Proposition ( |24[ ). 

Proof. See Sections @, and □ 
Appendix C: Vacuum Kundt waves admitting two symmetries 



Lemma 8.12. The metric belonging to the (0,1,2,2) class has the canonical form 

-4i(C-iC 2 + Ci) 

where Cq and G\ are arbitrary real-valued constants. 



/(C,t t ) = %e : 



Using the special coordinates (17 1, the four functionally independent invariants 



may be constructed from the spin- coefficients in ( 20 ) even though the last three 
invariants arise at second order: 



The classifying functions at first and second order are: 

C,a = iC , It]- 1 =iC (a-a) + 2C 1 . 

These functions constitute the essential classifying manifold as all other curva- 
ture components to any order may be expressed in terms of these functions and 
their derivatives. The invariant coframe is fixed at first order using null rotation 
parameters B to satisfy the conditions: j + B'a + \B't = which is explicitly given 
in Proposition ( |24[ ). 

Proof. See Sections and Q. □ 

Appendix D: All Potential Invariant Counts for the Vacuum Kundt 

Waves 

To write down a potential case of the Karlhede algorithm up to a given iteration, 
p, we will use the following notation, (t%,t2, t p , ...), where ti, i € [l,f>] denotes the 
number of functionally independent invariants at the i-th iteration of the Karlhede 
algorithm. Using this notation as nodes in a tree diagram representing an iteration 
of the algorithm. The existence of a non-trivial isotropy group from one iteration 
to the next will be denoted by a dashed line, while a solid line denotes a trivial 
isotropy group. 
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/ (°A4) 
(0,4,...) (0,4,4,...) - (0,4,4,4) 

/ (0,3,3) 
A, (0,3,4,...) — (0,3,4,4) 
(0,3,...) (0,3,3,...) ^— (0,3,3,3) 

\ (0,3,3,4,...) - (0,3,3,4,4) 
(0,3,4,...) — (0,3,4,4,) 

Figure 2. Invariant-count trees for the case where three or four 
invariants appear at first order of the algorithm 

( °' 2 ' 2) (0,2,3,3) 



z 



(0,2,3,...) (0,2,3,4,...) - (0,2,3,4,4) 
(0,2,4,...) (0,2,4,4) 

, (0,2,2,3,3) 

(0,2,...) f-- (0,2,2,...) (0,2,2,3,...) L- (0,2,2,3,4,...) - (0,2,2,3,4,4) 
(0,2,2,4,...) — (0,2,2,4,4) 

i 

■ (0,2,4,...) - (0,2,4,4) 



i'* (0,2,3,...) ^— (0,2,3,3) 

^ (0,2,3,4...) — (0,2,3,4,4) 



Figure 3. Invariant-count trees for the case where two appear at 
first order of the algorithm 




1,2,2) , (0,1,2,3,3) 

1,2,3,...) <- (0,1,2,3,4,...) - (0,1,2 



(0,1,2,3,3) 

.) - (0,1,2,3,4,4) 

(0,1,2,4,...) - (0,1,2,4,4) 
(0,1,3,3) 

(0,1,3,...) (0,1,3,4,...) — (0,1,3,4,4) 

, (0,1,1,2,2) (0,1,1,2,3,3) 
(0,1,4,...) (0,1,4,4) / (0,1,1,2,3,...) *- (0,1,1,2,3,4,...) - (0,1,1,2,3,4,4) 

, (0,1,1,2,...) L (0,1,1,2,4,...) - (0,1,1,2,4,4) 



(0,1,. 



, (0,1,1,3,3) 
(0,1,1,3,...) L- (0,1,1,3,4,...) - (0,1,1,3,4,4) 
(0,1,1,...) (0,1,1,4,. .) — (0,1,1,4,4) 
(0,1,2,2) f0,1,2,3,3) 

,2,3,...) ^(0,1,2,3,4,...) — (0,1,2,3,4,4) 
(0,1,2,...) (0,1,2,4,...) — (0,1,2,4,4) 



1- (0,1,2,...) (0,1,: 



/ (0,1,3,3) 
A— (0,1,3,4...) — 



" (0,1,3,...) (0,1,3,4...) — (0,1,3,4,4) 



Figure 4. Invariant-count trees for the case where one invariant 
appears at first order of the algorithm 
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